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of r, m < n) in several numerical examples. This should not be to
surprising as Moore® has shown in the state space that, if the rank
B = r, which it does here, the matrix G C is unique for a given set of
eigenvalues. The gain matrix of the inverse method given in Eq. (26)
and that of the standard approach of Eq. (15) can also be derived in
the state-space-context as given in Refs. 1 and 7. Repeated numer-
ical examples using MATLAB also seem to indicate that the gain
matrix computed using Eq. (26) is computed in about 1/3 the time
(about 0.134 s compared to 0.43 s for 4 DOF). This is largely due to
calculating 7! in the approach of Ref. 1. MATLAB codes for both
gains are available from the author,’ as are examples of low-order
systems.

Conclusion

An eigenstructure assignment method has been presented based
on using inverse eigenvalue theory. The resulting gain matrix does
not resemble that obtained by conventional eigenstructure assign-
ment but appears to produce the same numerical values for several
different example problems, for less computational effort, when
programmed in MATLAB. In addition, the proposed method allows
both the open-loop structure and the closed-loop system to have
rigid-body modes or very low frequencies often useful in aerospace
structures. The remaining modes are stable because of the partition-
ing offered by the inverse eigenvalue approach when used with full
state feedback. Often, full state feedback is looked upon with destain
as being impractical. However, recent developments in smart struc-
tures technology have rendered full state feedback feasable.® The
method proposed here allows specific eigenvalues to be changed,
leaving the others unchanged.

The condition provided in Eq. (16) for physical mode shapes of
mechanical systems should provide insight for those interested in
control system design of mechanical systems where the assigned
eigenvector is directly related to the physical vibration mode shape.
Reference 1 should be consulted for an excellent physical example
of flight control in state space. The result presented here makes
a strong connection between the seemingly independent fields of
inverse eigenvalue problems and that of eigenstructure assignment.
Perhaps others can make more fruitful connections.
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Variance-Based Sensor
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Introduction

N planning a structural identification test one is faced with a

problem of where to place a limited number of sensors to maxi-
mize the accuracy of the experiments. Such considerations become
more important when the sensors cannot be easily moved as in large
space structures or when they are to be used for health monitoring.

Various methods for sensor and actuator positioning for control
schemes have been developed, and examples are given in Refs. 1
and 2. In particular, Ref. 1 uses a backward elimination approach to
pick locations for a linear quadratic regulator (LQR) control scheme.
Methods for sensor placement in structural identification are con-
tained in Refs. 3~5. Also within the structural identification field,
Kammer® formulated and evaluated an effective independence (EfT)
approach for the ranking of sensors which is also a backward elim-~
ination approach. The motivation was to pick sensor locations to
render the resulting columns of the modal matrix as independent as
possible. This was accomplished indirectly by considering the solu-
tion of a linear equation in which the modal matrix is the coefficient
matrix. The accuracy of the resulting solution, measured by the size
of the covariance matrix, is related to the linear independence of the
modal matrix. A concise and informative derivation of this method
is given in Ref. 7. Whereas Ref. 6 measured the size of the covari-
ance matrix by its determinant, an alternative standard measure on
the covariance matrix is its trace.® This measure has a direct inter-
pretation as the sum of the variances of the estimated parameters. As
shown herein, it is also closely related to the linear independence
of the columns of the modal matrix through a condition number
defined on the Frobenius norm. In this Note the backward elimina-
tion and the sequential replacement approaches are applied to the
sensor placement problem using the covariance trace criterion. An
extension to a condition number of the modal matrix is also given.

Method 1: Sensor Location to Minimize Variance

It is assumed that an approximate set of N, target modes are
available typically from a finite element analysis of the test structure.
The mode shapes are defined at / locations on the structure. The
response of the structure for the target modes may be written as

y®& =2m@) +w) M

wherey(t) is an ! x N, vector of responses, and ®, is an/ x N, modal
matrix of target modes. The subscript notation for this matrix refers
to the number of locations or rows. Here, 1(¢) is the N, x 1 vector
of modal responses (including the modal participation factors) and
w(t)isthe ! x 1 vector of measurement noise. The correlation matrix
of this random vector is

Eww( — o)1 =18(t — 1) @)

where E is the expectation operator, and § is the Kronecker delta
function. The best linear unbiased estimate of 7(¢), which is simply
the least squares estimate, is

A0) = [87 %] @]y () 3)
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The covariance matrix for 7)(¢) is the inverse of the Fisher informa-
tion matrix (FIM) F,, i.e.

0 =F = EROH O1-n0n” 0O = Y87 &) @

The elements of the diagonals of Q are the variances of the individual
modal responses. That is,

E[3}(®)] — n} = Qu (5)

The total variance for all the modal responses, which is also the
trace of the covariance matrix, is given by

Ny
o’ =" Qu ©
i=1

Noting that the Fisher information matrix may be written as
!
Fr=1/y*) " ¢ig] @
i=1

where ¢; is the ith column of &7 the change in the FIM F), after
deleting the ith sensor, is

F,_, =F1‘¢i¢,~T &

the new trace of the covariance matrix, using the matrix inversion
lemma, is
T p-1p—1
¢i F ! F ! b
T o1
1- ¢,‘ F, 1 ¢i
where the increase in variance due to deletion of the ith sensor is

A;o?. The truncated singular value decomposition of ®; is defined
as

w[F ] =u[F'] + =tu[F ]+ Ai0?  9)

&, = U A V] (10)
where U, is the [ x N, matrix of left-orthonormal singular vectors,
A, is a diagonal matrix of singular values, and V; is the N, x N,
matrix of right-orthonormal singular vectors. Using the orthonormal
properties of the singular vectors

Fil=wvA7v! an
From Eq. (10)
¢V, =ul A (12)
where u! is the ith row of U, then A;o? from Eq. (9) becomes
Neo 2 742
_ Zjlzl ui /2 _ [‘I“I’T],T,-
1= w2 -l

j=1 ij

T A—2
z_uiA, u;

- T
l——uiui

(13)

i

The location giving the minimum value of A;o? is deleted and the
process repeated until reaching the required number of sensors. For a
complete set of left-orthonormal singular vectors le=1 uizj = land
since [ = N,, this quantity has to be less or equal to 1. Any sensor
attaining this upper bound, during a stage of the sensor selection
process, must not be deleted at that stage.

Method 2: Local Iteration

An alternative approach to the backward elimination scheme
would be to compute a solution for the required number of sen-
sors directly. This is known as a sequential replacement method
and is implemented by refining an initial set of locations until an
optimum solution is obtained. The variance after deleting the ith
location and adding the jth location can be shown to be

¢ F F.'e  $]F,LF, L8
1-¢"Fr'¢: 14+ ¢TF, ¢,

ulF,'] = u[F,!']+ a4
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where F,, is the updated Fisher information matrix constructed using
m locations, F,, is the original FIM before exchanging locations i
and j, and F,,_, is obtained by deleting the ith location, i.e.,

Fm—l = Fm - ¢l¢lT (15)

The proposed approach is to iteratively refine the initial solution
by deleting the least effective location and adding a more effective
location. A more effective location is one that decreases the original
variance before the exchange of locations. The iterations are stopped
when no decrease in the variance is possible. This method is guaran-
teed to converge to an improvement over the original set of locations
orto the original set of locations. It may, therefore, converge to a poor
solution when the initial set of locations are very far from optimum.
The selection of the initial set of locations is, therefore, crucial.

Selection of Initial Locations for Method 2

A backward elimination strategy based on minimizing the cor-
relation between the rows of the modal matrix is used to arrive at
an initial set of locations. The algorithm consists of forming the
correlation matrix between all of the normalized rows of the modal
matrix and then taking the norm of each column of the correlation
matrix. That is,

C=o3" (16)

o
=3
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Fig. 1 Comparison of variance of Efl method and method 2 to
method 1: a) percentage increase in variance from method 1 to EfI
method and method 2 and b) probability of higher variance from
method 1.
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where ® is obtained by normalizing the rows of ® to unit norm.
An element of C, ¢;; is the cosine of the angle between the ith
row and the jth row of the modal matrix. If the norm of the ith
row of C is large it implies that the ith location is correlated with
a substantial number of other locations and may be safely deleted.
Preference may be given to locations with a larger signal content by
(inversely) weighting the correlation values by the size of the rows.
From several simulations a measure §; defined by

!

Bi= /el an

=1

produces satisfactory results. The location with the maximum value
is deleted and the process repeated until reaching the required num-
ber of locations. The second method is much faster than method 1
since the correlation matrix is only computed once.

Minimization of Condition Number

The condition number is a reliable measure of the linear indepen-
dence of a matrix. The trace measure given earlier is directly related
to the condition number of the modal matrix based on the Frobenius
norm. Using the Frobenius norm the condition number of the modal
matrix is

-

kr (@) = | @ F1®] 17 = [tr(Fl)tr(F;‘)]% = [e(F)o?]
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where T denotes the pseudoinverse. Various error bounds depen-
dent on kr as well as I|<I>Jr Il (i.e., o2) are given in Ref. 9. One may
pick locations that minimize this condition number by computing

o; = tr(Fl)A,-Uz - ”¢i”2(AiU2 + 02) (19)

The location giving the minimum value of «; is deleted, o and
tr(F)) are easily updated using Eqgs. (9) and (13), and the process is
continued until reaching the required number of locations.

Results and Discussion

A series of simulations were performed to validate the expected
behavior on the sensor location methods. Since the global minimum
is not known, comparisons were performed with the Efl method
which is known to produce good modal partitions. Using the finite
element method 20 modes of an Euler-Bernoulli beam were calcu-
lated and interpolated at 400 evenly spaced locations along the span
using beam shape functions. Since it is erroneous to draw conclu-
sions about sensor location methods from a single simulation, 200
sensor location problems were generated by randomly selecting 80
candidate locations from the available parent set. Various numbers
of locations from 21 to 79 were then chosen from each set of candi-
date locations. Figure 1a shows the average and minimum increase
in variance in going from locations chosen by method 1 to those
chosen by the Efl method and method 2. Figure 1b shows the prob-
abilities of the Efl method and method 2 producing a lower variance
than method 1. From Fig. 1, method 1 tends to minimize the sum
of the variances of the estimated modal response as expected from
its derivation, and method 2 produces locations of the same quality
as method 1 until the number of sensors approaches the number of
modes. It should, however, be noted that method 2 is much faster
when the desired number of locations is much fewer than the can-
didate locations, a situation that occurs frequently in practice. The
sequential replacement approach may also be easily applied to the
EfI as well as the condition number criterion. Figure 1b shows that
the conclusions of Fig. 1a occur with high probability.

Figure 2 shows the performance of the condition number method
in comparison to both method 1 and the EfI method. It is seen that
the method on the average produces a modal matrix with lower
condition number than both the EfI method and method 1, and from
Fig. 2b it does so with high probability.

Summary and Conclusions

Methods for placement of sensors for modal identification of
structures were presented. Method 1 is an application of the back-
ward elimination philosophy to a criterion based on the variance of
parameters estimated using a modal matrix. The effectiveness of this
method in minimizing the variance was confirmed using numerical
simulations and a comparison with the EfI method.

A method for minimizing the condition number of the modal ma-
trix partition was presented as an extension of method 1. Compar-
isons with the Efl method and method 1 using numerical simulations
verified that the method generates modal partitions with improved
condition numbers.

Method 2 is a local iteration method designed to save computa-
tion time compared to method 1. An approach for generating the
initial set of locations was presented along with a method for refin-
ing the locations. This method was found to give results which are
close to those of method 1 but with significantly less computation
time. Methods 1 and 2 are directly significant within modal filtering
where the end product is the estimate of the modal responses. All of
the methods are applicable in general structural identification since
the criteria considered preserve the linear independence of the
columns of the modal matrix.

It should be noted that all of these methods are directly tied to
modal filtering and only indirectly to other structural identification
schemes such as model refinement, modal parameter estimation,
force determination, etc. Comparisons based on such identification
schemes could not, therefore, be based on any reasonable theoreti-
cal expectations. Optimal sensor location can be made more specific
by targeting a particular estimation method, obtaining a scalar mea-
sure of the performance of that technique, and then minimizing that
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measure. An example is given in Ref. 10 for time domain modal
parameter estimation. Such methods are significantly more com-
plicated, and for many cases the solutions obtained using simpler
methods such as just described, although not best for the given ap-
plication, would be sufficient.
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Stochastic Systems
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I. Introduction

ODELS of many real dynamical control systems possess

weakly coupled structures such as communication satellites, !
helicopters,? and power systems.? The weakly coupled systems also
represent the linearized models of dynamical systems described by
partial differential equations in the modal coordinates.*’ In this
Note we present a new method for optimal filtering of linear weakly
coupled stochastic systems. The obtained results are applied to the
filtering problem of a helicopter model obtained in Ref. 2.

The filtering problem of linear weakly coupled systems has been
well documented in the control theory literature.>%7 It is important
to point out that the local filters in Refs. 3, 6, and 7 are driven by the
innovation processes so that additional communication channels are
required to form the innovation processes. In the newly proposed
scheme these filters will be driven by the system measurements only.
In addition, the optimal filter gains will be completely determined in
terms of the exact reduced-order local algebraic Riccati equations.
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Consider the linear continuous-time invariant weakly coupled
stochastic system

X1 = A1x1 + eA2x2 + Gyw, + eGLw,

. M
X2 = £Asx) + Asxs + eGyw; + Gaw,y
with the corresponding measurements
n=Cix +eCoxy + vy
@

y2 = 8C3x1 + Cyxy + v

where x; € R"! and x, € R™ are state vectors, w; € R,i =1, 2,
and v; € RY%,i = 1,2, are zero-mean, stationary, white, Gaussian
noise stochastic processes with intensities W; > 0 and V; > 0,
respectively, and y; € R" are the system measurements. In the
following A;, G;, C;, i =1, 2, 3, 4, are constant matrices.

II. New Method for Filter Decomposition
In the decomposition procedure from Refs. 3, 6, and 7, the lo-
cal filters require additional communication channels necessary to
form the innovation processes (see Fig. 1). Here, we propose a new
decomposition scheme such that the local filters are completely de-
coupled and both of them are driven by the system measurements.
The new method is based on the exact decomposition technique for
solving the regulator algebraic Riccati equation of weakly coupled
systems developed in Ref. 10. We give an additional interpretation
of the results from Ref. 10, which will be used in this Note.
Consider the linear-quadratic optimal control problem corre-
sponding to Eq. (1):

Xy = Ajxy + eAyx; + Biuy + £Bouy
Xy = 8Asx) + Asxo + EBauy + Bauy

00 x1 T X , (3)
J = Q +u' Ru | dt
) X2 X3
0 >0, R >0

where the control vector with components u; € R™,i = 1,2, has
to be chosen such that the performance criterion J is minimized.
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